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Abstract
The sum of elliptic integrals simultaneously determines orbits in thr Kepler problem and the
addition of divisors on elliptic curves. Periodic motion of a body in physical space is defined by
symmetries, whereas periodic motion of divisors is defined by a fixed point on the curve. Algebra
of the first integrals associated with symmetries is a well-known mathematical object, whereas
algebra of the first integrals associated with coordinates of fixed points is unknown. In this
paper, we discuss polynomial algebras of non-polynomial first integrals of superintegrable systems
associated with elliptic curves.
1 Introduction
The main point of interest in integrable systems relies on the fact that they can be integrated by
quadratures. For many known integrable systems these quadratures involve various sums of Abelian
integrals, which are inextricably entwined with the arithmetic of divisors. In physics, we describe
first integrals of dynamical systems in terms of physical variables, and usually these first integrals
are related to symmetries, including dynamical ones. For the Kepler problem the corresponding first
integrals are well-known polynomials in momenta [3, 8, 19, 20, 25, 26].
In algebraic geometry we describe the evolution of divisors in terms of coordinates of divisors.
The corresponding constants of motion are nothing more than coordinates of fixed points, which
are algebraic functions on original physical variables. In fact, algebraic first integrals for the Kepler
problem have been obtained by Euler as a by-product of his study of the algebraic orbits appearing in
two fixed centers problem [8].
Algebras of the polynomial first integrals of superintegrable systems can be associated with or-
thogonal polynomials, see e.g. [5, 6, 12, 13, 14, 23, 24] and references within. For instance, it could
be the Racah-Wilson algebra, Bannai-Ito algebra, Askey-Wilson algebra, etc. We suppose that the
polynomial algebra of non-polynomial first integrals arising in divisor arithmetic on elliptic and hy-
perelliptic curves may be associated with elliptic and hyperelliptic functions. It could be Weierstrass
functions, Jacobi functions, Abelian functions, etc.
In 1762 Euler wrote a paper titled ”Task: the body is attracted to two given fixed centers inversely
proportional to the square of the distance; find in which case the curve described by the body will
be algebraic” [8]. In this paper he separated algebraic orbits from transcendental ones using elliptic
coordinates on a plane and an addition law for the corresponding elliptic integrals. Algebraic orbits
were interesting because if one of the centers was absent, the body would move on algebraic orbits, as
a solution of the Kepler problem.
Indeed, let us consider motion of the body attracted to two fixed centers by forces inversely
proportional to the squares of the distance
R =
α
r2
and Q =
β
q2
.
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In elliptic coordinates s and u equations of motion are reduced to differential equations
ds√
Hs4 + (α+ β)s3 + cs2 − h2(α+ β)s−Hh4 − (b2 + c)h2 =
=
du√
Hu4 + (α− β)u3 + cs2 − h2(α− β)u−Hh4 − (b2 + c)h2
and
dt =
s2ds
4
√
Hs4 + (α+ β)s3 + cs2 − h2(α+ β)s−Hh4 − (b2 + c)h2−
− u
2du
4
√
Hu4 + (α− β)u3 + cs2 − h2(α− β)u −Hh4 − (b2 + c)h2
which we copied from page 106 of Lagrange’s textbook [26]. Here H and h are integrals of motion,
which are second order polynomials in momenta, b and c are geometric parameters describing positions
of fixed centers.
At β = 0 and x1 = s, x2 = u these equations become well-known Abel’s quadratures for the
two-body Kepler problem ∫
dx1√
f(x1)
+
∫
dx2√
f(x2)
= const , (1.1)
and ∫
x21dx1√
f(x1)
+
∫
x22dx2√
f(x2)
= 4t , (1.2)
on elliptic curve X defined by an equation of the form
X : Φ(x, y) = y2 − f(x) = 0 , f(x) = a4x4 + a3x3 + a2x2 + a1x+ a0 (1.3)
on a projective plane. The first equation (1.1) determines trajectories of motion, whereas the second
equation (1.2) defines time [26].
Equations (1.1-1.2) describe motion of a body in the Kepler problem and, simultaneously, evolution
of points P1(t) = (x1, y1), P2(t) = (x2, y2) around fixed point P3 = (x3, y3) onX governed by arithmetic
equation
P1(t) + P2(t) = P3 . (1.4)
According to Abel’s theorem [1, 2, 11, 17, 18] trajectories of points P1,2(t) onX are uniquely determined
by Abel’s sum (1.1) in the same way as trajectories of a body in the Kepler problem. Subsequently,
periodic motion of points along plane curve X generates periodic motion in phase space of the Kepler
system and vice versa.
According to [9] coordinates of the fixed point x3 and y3 are algebraic functions on the coordinates
of movable points x1,2 and y1,2 which are constants of divisor motion along elliptic curveX (1.4). These
algebraic functions on elliptic coordinates u1,2 and momenta pu1,2 are also first integrals in the Kepler
problem. In [8] Euler used these algebraic first integrals and their combination
C = 2a4x
2
3 + a3x3 + a2 − 2
√
a4y3 (1.5)
in order to separate algebraic orbits from transcendental ones in the problem of two fixed centers.
In the Kepler case first integral C (1.5) is a square of the component of angular momentum
C = −(p1q2 − (q1 − κ)p2)2 ,
Of course, this first integral is related to the well-studied rotational symmetry [3, 19, 20, 25]. The
Poisson algebras of polynomial first integrals for the Kepler problem and other dynamical systems,
separable in elliptic, parabolic and polar coordinates are well studied objects, see e.g. [5, 6, 12, 13, 14,
23, 24].
Our aim is to calculate the algebra of non-polynomial first integrals x3 and y3 and to discuss
various representations of this algebra. This algebra occurs in a standard arithmetic of divisors on
elliptic curves and, therefore, it could belong to a family of algebras associated with the arithmetic of
divisors on more complicated hyperelliptic curves.
2
2 The Kepler problem
In the original physical problem configuration space is 6-dimensional, and phase space is 12-dimensional
space. Discussion of the traditional topics, such as symmetries, conservation of angular momentum,
conservation of Laplace-Runge-Lenz vector, regularization and so on, may be found in [3, 19, 20, 25]
and many other papers and textbooks.
Our aim is to come back to Euler’s calculations in order to get a family of superintegrable systems
with nonpolynomial first integrals, which cannot be obtained using symmetries. Following Euler [8] we
start with the planar two centers problem. Reduction of the original phase space to the orbital plane,
which Euler described by using a picture, may be found in the Lagrange textbook [26].
2.1 Motion in orbit
Let us introduce elliptic coordinates on the orbital plane. If r and r′ are distances from a point on the
plane to the fixed centers, then elliptic coordinates u1,2 are
r + r′ = 2u1 , r − r′ = 2u2 .
If the centres are taken to be fixed at −κ and κ on OX-axis of the Cartesian coordinate system, then
we have standard Euler’s definition of elliptic coordinates on the plane
q1 =
u1u2
κ
, and q2 =
√
(u21 − κ2)(κ2 − u22)
κ
. (2.1)
Coordinates u1,2 are curvilinear orthogonal coordinates, which take values only in the intervals
u2 < κ < u1 ,
i.e. they are locally defined coordinates. The corresponding momenta are given by
p1 =
u1u2(pu1u1 − pu2u2)− κ2(pu1u2 − pu2u1)
κ(u21 − u22)
,
p2 =
(pu1u1 − pu2u2)
√
u21 − κ2
√
κ2 − u22
κ(u21 − u22)
.
(2.2)
For the planar Kepler problem with one center of attraction at point (κ, 0), which is a partial case of
Euler’s two-centers problem, Hamiltonian and first integral are equal to
2H = I1 = p
2
1 + p
2
2 +
α
r
, I2 =
α(r2 − r′2)
4r
− (κ2 + q22)p21 − 2q1q2p1p2 − q21p22 . (2.3)
In elliptic coordinates these integrals of motion have the following form
I1 =
(u21 − κ2)p2u1
u21 − u22
+
(u22 − κ2)p2u2
u22 − u21
+
α
u1 + u2
I2 =
u22(u
2
1 − κ2)pu21
u22 − u21
+
u21(u
2
2 − κ2)p2u2
u21 − u22
+
αu1u2
u1 + u2
.
(2.4)
Substituting solutions of these equations with respect to pu1 and pu2 into the equations of motion
du1
dt
= {u1, H} = (u
2
1 − κ2)pu1
u21 − u22
,
du2
dt
= {u2, H} = (u
2
2 − κ2)pu2
u22 − u21
,
we obtain differential equations of the form
du1√
(u21 − κ2)(I1u21 − αu1 + I2)
=
dt
u21 − u22
,
du2√
(u22 − κ2)(I1u22 − αu2 + I2)
= − dt
u21 − u22
,
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After integration of the sum of these equations one gets a sum of Abelian integrals
∫
du1√
(u21 − κ2)(I1u21 − αu1 + I2)
+
∫
du2√
(u22 − κ2)(I1u22 − αu2 + I2)
= const (2.5)
involving holomorphic differentials on elliptic curve X (1.3) defined by equation
X : Φ(x, y) = y2 − f(x) = 0 , f(x) = I1x4 − αx3 + (I2 − I1κ2)x2 + κ2αx− I2κ2 . (2.6)
Here I1,2 are values of the integrals of motion, see terminology and discussion in Lagrange’s textbook
[26] and in comments by Darboux and Serret [4, 31].
2.2 Motion in elliptic curve
Using the sum of Abelian integrals (2.5) we can transfer from classical mechanics to algebraic geometry
and, in particular, to divisors arithmetic on elliptic curve. Indeed, coordinates of movable points P1,2(t)
in the equation of motion along elliptic curve X (1.4) are
x1 = u1, y1 = (u
2
1 − κ2)pu1 and x2 = u2 , y2 = (u22 − κ2)pu2 .
Because
u2 < κ < u1 ⇒ x1 6= x2 ⇒ (x3, y3) 6= (∞,∞) ,
abscissa x3 and ordinate y3 of fixed point P3 are well-defined finite functions on T
∗
R
2.
In order to calculate affine coordinates of fixed point P3 we have to consider intersection of X and
parabola Y with a fixed leading coefficient
Y : y = P(x) , P(x) = √a4x2 + b1x+ b0 ,
see [1, 17, 18] for details. Solving equations
y1 =
√
a4x
2
1 + b1x1 + b0 and y2 =
√
a4x
2
2 + b1x2 + b0
with respect to b1 and b0 we calculate standard interpolation by Lagrange for polynomial
P(x) = √a4x2 + b1x+ b0 = √a4(x1 − x)(x2 − x) + (x− x2)y1
x1 − x2 +
(x − x1)y2
x2 − x1 . (2.7)
Substituting y = P(x) into f(x)− y2 = 0 we obtain Abel’s polynomial
ψ = f(x)− P2(x)
= (a3 − 2b1√a4)x3 + (a2 − 2b0√a4 − b21)x2 + (a1 − 2b0b1)x+ a0 − b20
= (a3 − 2b1√a4)(x − x1)(x− x2)(x− x3) .
Evaluating coefficients of this polynomial we determine abscissa of the fixed point P3 in (1.4)
x3 = −x1 − x2 −
2b0
√
a4 + b
2
1 − a2
2b1
√
a4 − a3 (2.8)
and its ordinate
y3 = −P(x3) = −√a4x23 − b1x3 − b0 , (2.9)
where b1 and b0 are functions of coordinates of movable points x1, x2 and y1, y2 defined by equation
(2.7).
Now we come back from divisor arithmetics to classical mechanics. For the Kepler problem we
have
a4 = I1, a3 = −α , a2 = (I2 − κ2I1) , a1 = κ2α , a0 = −κ2I2 ,
4
so abscissa of fixed point P3 is equal to
x3 =
2
(
κ2(pu1u2−pu2u1)−u1u2(pu1u1+pu2u2)
)(√
I1(u
2
1−u
2
2)−κ
2(pu1−pu2 )+pu1u
2
1−pu2u
2
2
)
−α(u1−u2)
2(κ2+u1u2)
(u21−u
2
2)
(
2
√
I1(κ2(pu1−pu2 )−pu1u
2
1+pu2u
2
2)+2κ
2(p2u1
−p2u2
)−2p2u1
u21+2p
2
u2
u22−α(u1−u2)
) .
Ordinate y3 (2.7) is equal to
y3 = −
√
I1(u1 − x3)(u2 − x3)− (x3 − u2)(κ
2 − u21)pu1
u1 − u2 −
(x3 − u1)(κ2 − u22)pu2
u2 − u1 ,
Here I1 is given by (2.4) and, therefore, x3 and y3 are algebraic functions on u1,2 and pu1,2 .
In [8, 9] Euler introduced algebraic first integral C (1.5) which is nothing more than a square of
angular momentum in the Kepler case:
C = 2a4x
2
3 + a3x3 + a2 − 2
√
a4y3 =
(u21 − κ2)(u22 − κ2)(pu1 − pu2)2
(u1 − u2)2 =
= − (p1q2 − (q1 − κ)p2)2 .
It is well-known that existence of this first integral C is related to rotational symmetry of the orbital
plane a around center of attraction. Algebraic first integrals x3 and y3 have no obvious physical
meaning, but they have a trivial geometric description as affine coordinates of the fixed point on
elliptic curve X .
2.3 Symmetry breaking
Let us consider non-canonical transformations of momenta preserving symmetries of configuration
space, but breaking symmetry between divisors [16, 36, 37, 38, 39, 41, 42].
It is easy to see, that transformation of momenta
pu1 →
pu1
m
and pu2 →
pu2
n
, (2.10)
where m and n are rational numbers, preserves the only symmetry of potential part of first integrals
and breaks symmetry of whole integrals of motion (2.3), which now have the form
2H = I1 =
u21 − κ2
u21 − u22
(pu1
m
)2
+
u22 − κ2
u22 − u21
(pu2
n
)2
+
α
u1 + u2
I2 =
u22(u
2
1 − κ2)
u22 − u21
(pu1
m
)2
+
u21(u
2
2 − κ2)
u21 − u22
(pu2
n
)2
+
αu1u2
u1 + u2
.
(2.11)
In Cartesian coordinates on the plane Hamiltonians (2.11) read as
H =
(m2 + n2)(p21 + p
2
2)
4m2n2
+
(m2 − n2)
(
(κ2 − q21 + q22)(p21 − p22) + 4q1q2p1p2
)
4m2n2rr′
+
α
2r
.
According to [41, 42] these Hamiltonians (2.11) are superintegrable Hamiltonians because this non-
canonical transformation sends the original sum of elliptic integrals (2.5) to the sum
m
∫
du1√
(u21 − κ2)(I1u21 − αu1 + I2)
+ n
∫
du2√
(u22 − κ2)(I1u22 − αu2 + I2)
= const , (2.12)
i.e. to the sum of elliptic integrals with integer coefficients
m1n2
∫
du1√
(u21 − κ2)(I1u21 − αu1 + I2)
+ n1m2
∫
du2√
(u22 − κ2)(I1u22 − αu2 + I2)
= const .
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Here we present rational numbers m = m1/m2 and n = n1/n2 as the ratio of integer numbers. The
corresponding first integrals of motion on elliptic curve X were obtained in Problem 83 of Euler’s
textbook [9].
Without loss of generality below we consider only positive integer numbers m and n. In this case
sum of elliptic integrals (2.12), which generates the well-studied arithmetic equation for divisors on
elliptic curves
[m]P1(t) + [n]P2(t) = P3 , (2.13)
see [9, 27, 32]. Here [k]P means scalar multiplication of point on an elliptic curve on integer number
k ∈ Z, and we denote coordinates of [k]P = [k](x, y) as ([k]x, [k]y), whereas notations for coordinates
of P3 in (2.13) remain the same x3 and y3.
In order to get coordinates of fixed point P3 in (2.13) we have to:
1. Multiply divisors P1,2 by integer numbers m and n using a recursion procedure proposed by
Euler [9] or using standard expressions for scalar multiplication on elliptic curves, see [27, 32, 40]
and references within.
2. Add divisors [m]P1 and [n]P2. Because points [m]P1 and [n]P2 belong to intersection divisor of
X and Y , we can use the equation of parabola Y
[m]y1 =
√
a4 · ([m]x1)2 + b1 · [m]x1 + b0 and [n]y2 = √a4 · ([n]x2)2 + b1 · [n]x2 + b0 .
in order to calculate its coefficients b1 and b0. After that we substitute ai, bi and [m]x1, [m]y1
and [n]x2, [n]y2 into (2.8) and (2.9) and obtain coordinates of fixed point P3 in (2.13) :
x3 = −[m]x1 − [n]x2 −
2b0
√
a4 + b
2
1 − a2
2b1
√
a4 − a3 , y3 = −
√
a4x
2
3 − b1x3 − b0 , (2.14)
Following [9] we can also determine Euler’s first integral of equation of motion (2.13) on X :
Cmn = 2a4x3 + a3x3 + a2 − 2√a4y3 =
=
(
[m]y1 − [n]y2
[m]x1 − [n]x2
)2
− a4
(
[m]x1 + [n]x2
)2 − a3([m]x1 + [n]x2) .
(2.15)
3. Identify affine coordinates on the projective plane with elliptic coordinates on phase space
x1 = u1, y1 = (u
2
1 − κ2)
pu1
m
and x2 = u2 , y2 = (u
2
2 − κ2)
pu2
n
(2.16)
so that constants of divisor motion on elliptic curve X become first integrals of Hamiltonian
vector field in T ∗R2.
At m = n first integral Cmn (2.15) is a square of angular momentum relating with rotational
symmetry. At m 6= n all first integrals x3, y3 (2.14) and Cmn (2.15) are algebraic functions in phase
space. Some explicit expressions of these first integrals may be found in [42] .
Now we are ready to formulate the main result in this note.
Proposition 1 Functions I1, I2 (2.11) and x3, y3 (2.14) in phase space T
∗
R
2 can be considered as
representation of the following algebra of the first integrals
{I1, I2} = 0 , {I1, x3} = 0 , {I1, y3} = 0 ,
{I2, x3} = Φy(x3, y3) , {I2, y3} = −Φx(x3, y3) , {x3, y3} = κ2 − x23
(2.17)
labelled by two integer numbers m and n. Here
Φy(x, y) =
∂Φ(x, y)
∂y
= 2y and Φx(x, y) =
∂Φ(x, y)
∂x
= −(4I1x3 − 3αx2 + 2(I2 − κI1)x+ ακ2)
are derivatives of function Φ(x, y) from the definition of elliptic curve X (2.6), and {., .} is the standard
canonical Poisson bracket
{u1, u2} = 0 , {pu1 , pu2} = 0 , {ui, puj} = δij .
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The Poisson brackets (2.17) are derived from the brackets
{Ii, Ij} = {ωi, ωj} = 0 , {Ii, ωj} = δij ,
between action variables I1,2 (2.11) and angle variables
ω1 = m
∫
u21du1√
(u21 − κ2)(I1u21 − αu1 + I2)
+ n
∫
u22du2√
(u22 − κ2)(I1u22 − αu2 + I2)
,
ω2 = m
∫
du1√
(u21 − κ2)(I1u21 − αu1 + I2)
+ n
∫
du2√
(u22 − κ2)(I1u22 − αu2 + I2)
.
Here we use indefinite integrals determined only up to an additive constant following Euler [9], Abel
[1], Jacobi [22] and Sta¨ckel [33], see also discussion in [2, 17].
In (2.17) form of the bracket {x3, y3} coincides with the form of original brackets {x1, y1} and
{x2, y2}. Two remaining non-trivial brackets can be rewritten in the following form
{Φ(x, y), x3} = ∂Φ
∂I2
∂Φ
∂y
∣∣∣∣
P3
and {Φ(x, y), y3} = − ∂Φ
∂I2
∂Φ
∂x
∣∣∣∣
P3
, (2.18)
which is reminiscent of Hamiltonian equations of motion. The first time brackets (2.17) appeared when
we studied superintegrable systems associated with elliptic curve in the short Weierstrass form [42, 43].
Below we discuss similar algebras of the first integrals for other superintegrable systems associated with
elliptic curve.
3 Harmonic oscillator
Let us consider 2D harmonic oscillator with the following Hamiltonian and additional integral of motion
2H = I1 = p
2
1 + p
2
2 − α2(q21 + q22) , I2 = (p21 − α2q21)κ2 − (p1q2 + p2q1)2 ,
which is a shifted square of angular momentum. In elliptic coordinates (2.1) and (2.2) these constants
of motion are equal to
I1 =
(u21 − κ2)p2u1
u21 − u22
+
(u22 − κ2)p2u2
u22 − u21
+ α2(κ2 − u21 − u22)
I2 = −
u22(u
2
1 − κ2)p2u1
u21 − u22
− u
2
1(u
2
2 − κ2)p2u2
u22 − u21
+ α2u21u
2
2 .
(3.19)
Rewriting equation of motion
du1
dt
= {u1, H} = (u
2
1 − κ2)pu1
u21 − u22
,
du2
dt
= {u2, H} = (u
2
2 − κ2)pu2
u22 − u21
,
in the following form
du1
pu1
=
dt
u21 − u22
,
du2
pu2
= − dt
u21 − u22
,
we can eliminate time and obtain equation
du1
pu1
+
du2
pu2
= 0 .
Substituting solutions of equations (3.19) with respect to pu1,2 into this expression and integrating we
obtain standard equation defining form of the trajectories [26]:
∫
du1√
(u21 − κ2)(α2u41 + (I1 − α2κ2)u21 + I2)
+
∫
du2√
(u22 − κ2)(α2u42 + (I1 − α2κ2)u22 + I2)
= const
7
This equation is reduced to (1.1) using Euler’s substitution u2i = xi, which allows us to consider
evolution of divisors on elliptic curve X
X : Φ(x, y) = y2− f(x) = 0 , f(x) = α2x4+(I1− 2α2κ2)x3+(α2κ4− I1κ2+ I2)x2−κ2I2x (3.20)
governed by equation (1.4)
P1(t) + P2(t) = P3 .
Coordinates of movable points P1,2(t) are
x1 = u
2
1, y1 = (u
2
1 − κ2)u1pu1 and x2 = u22 , y2 = (u22 − κ2)u2pu2 .
The abscissa of fixed point x3 (2.8) reads as
x3 = −
(
(u21−κ2)u2pu1−(u
2
2−κ2)u1pu2+αu1u2(u
2
1−u22)
)2
(u21−u22)
(
(κ2−u21)p2u1−(κ
2−u22)p2u2+2α(u1(κ
2−u21)pu1−u2(κ2−u22)pu2 )+α2(κ2−u21−u22)(u21−u22)
) ,
Ordinate y3 (2.9) is a more lengthy rational function in elliptic coordinates, which we do not present
for brevity, whereas Euler’s integral (1.5) is the following simple polynomial
C = −(p1q2 + p2q1)2 − κ2I1 + α2κ4 .
Existence of the polynomial first integrals I1, I2 and C is related to symmetries of equations of motion
in the original physical space. Existence of non-polynomial first integrals x3 and y3 is related to motion
along elliptic curve X around fixed point P3.
Symmetry breaking transformation (2.10) generates polynomial integrals of motion
I1 =
u21 − κ2
u21 − u22
(pu1
m
)2
+
u22 − κ2
u22 − u21
(pu2
n
)2
+ α2(κ2 − u21 − u22)
I2 =
u22(u
2
1 − κ2)
u22 − u21
(pu1
m
)2
+
u21(u
2
2 − κ2)
u21 − u22
(pu2
n
)2
+ α2u21u
2
2 ,
(3.21)
In Cartesian coordinates on the plane superintegrable Hamiltonians in (3.21) read as
H =
(m2 + n2)(p21 + p
2
2)
4m2n2
+
(m2 − n2)
(
(κ2 − q21 + q22)(p21 − p22) + 4q1q2p1p2
)
4m2n2rr′
− α
2(q21 + q
2
2))
2
.
where r, r′ and κ enter into the definition of elliptic coordinates. The corresponding first integrals
x3, y3 (2.14) and Cmn (2.15) are rational functions at m 6= n. Some particular expressions for these
first integrals may be found in [42].
Proposition 2 Functions I1, I2 (3.21) and x3, y3 (2.14) on T
∗
R
2 can be considered as representation
of the following algebra of the first integrals
{I1, I2} = 0 , {I1, x3} = 0 , {I1, y3} = 0 ,
{I2, x3} = 2Φy(x3, y3) , {I2, y3} = −2Φx(x3, y3) , {x3, y3} = 2x3(κ2 − x23) ,
(3.22)
labelled by two integer numbers m and n. Here
Φy(x, y) = 2y , −Φx(x, y) = 4α2x3 + 3(I1 − 2α2κ2)x2 + 2(α2κ4 − κ2I1 + I2)x− κ2I2
are derivatives of function Φ(x, y) from the definition of elliptic curve X (3.20), and {., .} is the
standard canonical Poisson bracket.
As in Section 2 algebra of the first integrals (3.22) is derived from the Poisson brackets between the
corresponding action-angle variables. We also have computer-assisted proof of this Proposition at
m = 1, 2, 3 and n = 1, 2, 3.
This algebra of the first integrals (3.22) slightly differs from (2.17) because in the Kepler problem
we take x1,2 = u1,2, whereas for oscillator we have to put x1,2 = u
2
1,2 and, therefore, we have different
Poisson brackets between coordinates of movable points.
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3.1 Smorodinsky-Winternitz system
In order to obtain the so-called Smorodinsky-Winternitz system [10] we have to start with elliptic
curve X defined by equation Φ(x, y) = y2 − f(x) = 0 with
f(x) = α2x4 + (I1 − 2α2κ2)x3 + (α2κ4 − I1κ2 + I2 − 2β − γ)x2 − κ2(I2 − 4β + δ)x− 2βκ4 (3.23)
instead of (3.20). Equation (2.13)
[m]P1(t) + [n]P2(t) = P3
determines evolution of two moving points around a third fixed point in the intersection divisor.
Coefficients I1,2 of polynomial f(x) together with coordinates (x3, y3) of fixed point P3 are constants
of the divisor motion.
Constants of the divisor motion give rise to the first integrals on phase space, which can be
calculated using standard algorithm:
• identify affine coordinates of movable points P1,2(t) on the projective plane with elliptic coordi-
nates and momenta in phase space
x1 = u
2
1, y1 = (u
2
1 − κ2)u1
pu1
m
and x2 = u
2
2 , y2 = (u
2
2 − κ2)u2
pu2
n
;
• solve a pair of equations Φ(x1, y1) = 0 and Φ(x2, y2) with respect to I1, I2;
• calculate first integrals associated with affine coordinates (x3, y3) (2.14) of the fixed point P3 .
After that we can verify that functions I1, I2 and x3, y3 on T
∗
R
2 satisfy to the Poisson brackets (3.22).
For the curve X (3.23 ) one gets the following Hamiltonian
H =
I1
2
= Tmn − α
2
2
(q21 + q
2
2) +
β
q21
+
γ
q22
.
Here potential part is independent on integer numbers m and n, whereas kinetic energy Tmn is equal
to
Tmn =
u21 − κ2
u21 − u22
(pu1
m
)2
+
u22 − κ2
u22 − u21
(pu2
n
)2
=
(m2 + n2)(p21 + p
2
2)
4m2n2
+
(m2 − n2)
(
(κ2 − q21 + q22)(p21 − p22) + 4q1q2p1p2
)
4m2n2rr′
,
where r, r′ and κ enter into Euler’s definition of elliptic coordinates on the plane. At m = n = 1 this
Hamiltonian coincides with the Hamiltonian of the Smorodinsky-Winternitz system [10].
4 Drach system
In 1935 Jules Drach classified Hamiltonian systems in T ∗R2 with third order integrals of motion
[7]. Below we consider the so-called (h) Drach system associated with elliptic curve, see details of
classification in [35, 36, 37]. Possible generalizations of the Drach systems are discussed in [28].
The (h) Drach system is defined by Hamiltonian
H = I1 = p1p2 − 2α(q1 + q2)− β
(
q1
2
√
q2
+
3
√
q2
2
)
− γ
2
√
q2
and first integral
I2 = (q1 + q2)p1p2 − q1p21 − q2p22 − α(q1 − q2)2 −
β(q1 − q2)2
2
√
q2
− γ(q1 − q2)
2
√
q2
.
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After canonical point transformation of variables
q1 =
(u1 − u2)2
4
, p1 =
pu1 − pu2
u1 − u2 , q2 =
(u1 + u2)
2
4
, p2 =
pu1 + pu2
u1 + u2
integrals of motion look like
I1 =
p2u1
u21 − u22
+
p2u2
u22 − u21
− α(u21 + u22)−
β(u21 + u1u2 + u
2
2)
u1 + u2
− γ
u1 + u2
I2 =
u22p
2
u1
u21 − u22
u21p
2
u2
u22 − u21
− αu21u22 −
βu21u
2
2
u1 + u2
+
γu1u2
u1 + u2
.
Solving these equations with respect to pu1 and pu2 we obtain separated relations
Φi(ui, pui) = p
2
ui
−
(
αu4i + βu
3
i + I1u
2
i + γui − I2
)
, i = 1, 2. (4.24)
Following [33] we determine Sta¨ckel matrix S with entries
Sij =
∂Φj
∂Ii
(4.25)
and Sta¨ckel angle variables
ω1 =
1
2
∫
S11du1
pu1
+
1
2
∫
S12du2
pu2
, ω2 =
1
2
∫
S21du1
pu1
+
2
2
∫
S22du2
pu2
,
which can be rewritten in a standard form for the Sta¨ckel systems with n degrees of freedom
ωj = −
n∑
i=1
∫ Pi ∂Φ(x, y)/∂Ij
∂Φ(x, y)/∂y
dx , (4.26)
using separated relations (4.24), definition of the Sta¨ckel matrix (4.25 ) and definition of points Pi =
(xi, yi) on hyperelliptic curve X , see [34].
In action-angle variables I1,2 and ω1,2 equations of motion and symplectic form look like
I˙i = 0 , ω˙i =
∂H
∂Ii
, Ω = dI1 ∧ dω1 + dI2 ∧ dω2 .
Because H = I1, differential equations are trivially reduced to quadratures, for instance
I1,2 = const, ω2 = −1
2
2∑
i=1
∫ Pi dx1√
αx4 + βx3 + I1x2 + γx− I2
= const .
Relation ω2 = const involves the sum of Abelian integrals with holomorphic differentials on X and,
therefore, it defines swing of two points around a third fixed point on elliptic curve (1.4)
P1(t) + P2(t) = P3 .
In the Drach case coordinates of moving points are simple function on physical variables
x1 = u1 , y1 = pu1 , x2 = u2 , y2 = pu2 ,
and, therefore, abscissa of fixed point P3 is a quite observable rational function
x3 = − 2(u
2
1−u22)(u2pu1−u1pu2 )
√
α+u1u2(u1−u2)2β−(u1−u2)2γ−2(pu1−pu2)(u2pu1−u1pu2 )(
2(u21−u22)(u1+u2)α−2(pu1−pu2)
√
α+(u1−u2)β
)
(u21−u22)
,
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similar to Euler’s integral (1.5), which is the following polynomial in momenta
C =
(pu1 − pu2)2
(u1 − u2)2 − (u1 + u2)
2α− (u1 + u2)β .
Let us apply symmetry breaking transformation (2.10) to this superintegrable Sta¨ckel system.
Action variables I1,2 associated with the equation
[m]P1(t) + [n]P2(t) = P3 ,
are equal to
I1 =
p2u1/m
2
u21 − u22
+
p2u2/n
2
u22 − u21
− α(u21 + u22)−
β(u21 + u1u2 + u
2
2)
u1 + u2
− γ
u1 + u2
I2 =
u22p
2
u1
/m2
u21 − u22
+
u21p
2
u2
/n2
u22 − u21
− αu21u22 −
βu21u
2
2
u1 + u2
+
γu1u2
u1 + u2
.
(4.27)
In original Cartesian coordinates Hamiltonians in (4.27) have the form
I1 =
(m2 + n2)p1p2
2m2n2
+
(m2 − n2)(√q1 +√q2)2(q1p21 + q2p22)
4n2m2(
√
q1q2 + q1)(
√
q1q2 + q2)
− 2α(q1 + q2)− β
(
q1
2
√
q2
+
3
√
q2
2
)
− γ
2
√
q2
.
Following [29] we can say that these Hamiltonians describe motion of the body with a position depen-
dent mass.
The corresponding Sta¨ckel angle variables
ω1 =
m
2
∫
S11du1
pu1
+
n
2
∫
S12du2
pu2
, ω2 =
m
2
∫
S21du1
pu1
+
n
2
∫
S12du2
pu2
,
involve a holomorphic differential on elliptic curve, which allows us to calculate coordinates of the fixed
point using arithmetic equation (2.14).
At m = 2 and n = 1 abscissa of fixed point P3 remains a quite observable rational function if
β = γ = 0
x3 = −u2 − (u21 − u22)pu1
(
1
2
√
αu1(u21 − u22) + u2pu1 − 2u1pu2
+
1
2
√
αu1(u21 − u22)− u2pu1 + 2u1pu2
)
.
This expression was obtained using doubling of point P1 = (u1, pu1/2) and addition (2.14) of points
[2]P1 and P2 = (u2, pu2) on elliptic curve X .
At m = 3 and n = 1 abscissa of fixed point P3 is a bulky function even if β = γ = 0
x3 = − (u2pu1 + 3u1pu2)(u2pu1 − 3u1pu2)
2
3
√
α
(
(4u21 − u22)p2u1 − 6u1u2pu1pu2 − 9u21p2u2
)
(u21 − u22)
+
+ 6
√
α(u21 − u22)u21p2u1
(
(u1 − u2)2
A−
− (u1 + u2)
2
A+
)
,
where
A+ =
(
9αu21(u
2
1 − u22)2 + (u2pu1 − 3u1pu2)
(
(2u1 + u2)pu1 + 3u1pu2
))(
(2u1 + u2)pu1 + 3u1pu2
)
and
A− =
(
9αu21(u
2
1 − u22)2 − (u2pu1 − 3u1pu2)
(
(2u1 − u2)pu1 − 3u1pu2
))(
(2u1 − u2)pu1 − 3u1pu2
)
This expression was obtained using tripling of point P1 = (u1, pu1/3) and addition (2.14) of points
[3]P1 and P2 = (u2, pu2) on elliptic curve X .
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Proposition 3 Functions I1, I2 (4.27) and x3, y3 (2.14) on T
∗
R
2 can be considered as representation
of the following algebra of the first integrals
{I1, I2} = 0 , {I1, x3} = 0 , {I1, y3} = 0 ,
{I2, x3} = Φy(x3, y3) , {I2, y3} = −Φx(x3, y3) , {x3, y3} = 1
(4.28)
labelled by two integer numbers m and n. Here
Φy(x, y) = 2y , −Φx(x, y) = 4αx3 + 3βx2 + 2I1x+ γ
are derivatives of function Φ(x, y) from the definition of elliptic curve X (4.24), and {., .} is the
canonical Poisson bracket.
This algebra is derived from the Poisson bracket between the corresponding action-angle variables. We
also have computer-assisted proof of this Proposition at m = 1, 2, 3 and n = 1, 2, 3.
So, the so-called (h) Drach system belongs to a family of two-dimensional superintegrable systems
associated with elliptic curves of the form X : Φ(x, y) = y2 − f (k)(x), where
f (1)(x) = αx4 + βx3 + γx2 + I1x+ I2 , f
(2)(x) = αx4 + βx3 + I2x
2 + γx+ I2 ,
f (3)(x) = αx4 + I2x
3 + βx2 + γx+ I2 , f
(4)(x) = I1x
4 + αx3 + βx2 + γx+ I2 ,
and equation of motion
[m]P1(t) + [n]P2(t) = P3 , m, n ∈ Z .
For all these superintegrable systems algebra of the first integrals has the standard form (4.28) which
directly follows from the Poisson brackets between action-angle variables.
5 3D superintegrable Sta¨ckel system on elliptic curve
Let us consider Sta¨ckel system associated with symmetric product X × X × X of elliptic curve X
defined by equation of the form
X : Φ(x, y) = y2 − f(x) = 0 , f(x) = αx4 + βx3 + I1x2 + I2x+ I3 . (5.29)
If we identify coordinates of the points on each copy of X in X ×X ×X with canonical coordinates
in T ∗R3
x1 = u1 , y1 = pu1 , x2 = u2 , y2 = pu2 , x3 = u3 , y3 = pu3 ,
we obtain action variables I1, I2 and I3 :
I1 =
p2u1
(u1−u3)(u1−u2)
+
p2u2
(u2−u3)(u2−u1)
+
p2u3
(u3−u1)(u3−u2)
−(u21+u22+u23+u1u2+u1u3+u2u3)α−(u1+u2+u3)β
I2 = −
(u2+u3)p
2
u1
(u1−u3)(u1−u2)
−
(u1+u3)p
2
u2
(u2−u3)(u2−u1)
−
(u1+u2)p
2
u3
(u3−u1)(u3−u2)
+(u1+u2)(u1+u3)(u2+u3)α+(u1u2+u1u3+u2u3)β
I3 =
u2u3p
2
u1
(u1−u3)(u1−u2)
+
u1u3p
2
u2
(u2−u3)(u2−u1)
+
u1u2p
2
u3
(u3−u1)(u3−u2)
−u1u2u3(u1+u2+u3)α−u1u2u3β .
(5.30)
solving separated relations Φ(ui, pui , I1, I2, I3) = 0 with respect to I1, I2 and I3. Substituting solutions
of the same separated relations with respect to pu1 , pu2 and pu3 into the Sta¨ckel definition (4.26) we
get standard angle variables
ω1 = −
∫
u21du1√
f(u1)
−
∫
u22du2√
f(u2)
−
∫
u23du3√
f(u3)
,
ω2 = −
∫
u1du1√
f(u1)
−
∫
u2du2√
f(u2)
−
∫
u3du3√
f(u3)
,
ω3 = −
∫
du1√
f(u1)
−
∫
du2√
f(u2)
−
∫
du3√
f(u3)
.
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Equation of motion ω3 = const involves a holomorphic differential on elliptic curve and, therefore, it
is equivalent to arithmetic equation for divisors on X
P1(t) + P2(t) + P3(t) = P4 . (5.31)
This equation describes the swing of parabola Y
Y : y = P(x) , P(x) = b2(t)x2 + b1(t)x + b0(t)
around some fixed point P4 on X . Because four points P1, P2, P3 and −P4 form an intersection divisor
of X and Y we can calculate three coefficients b2, b1 and b0 by solving three equations
y1 = b2x
2
1 + b1x1 + b0 , y2 = b2x
2
2 + b1x2 + b0 , y3 = b2x
2
3 + b1x3 + b0 .
Substituting y = P(x) into definition y2 − f(x) = 0 of X we obtain Abel’s polynomial
ψ(x) = f(x)− P2(x) = (a4 − b22)(x − x1)(x − x2)(x− x3)(x− x4) .
Evaluating coefficients of this polynomial we find coordinates of the fixed point
x4 = −x1 − x2 − x3 − a3 − 2b1b2
a4 − b22
, y4 = −P(x4) ,
which are constants of divisor motion (5.31) on elliptic curve X .
The corresponding rational functions on phase space T ∗R3
x4 = −u1 − u2 − u3 − β − 2b1b2
α− b22
, y4 = −(b2x24 + b1x4 + b0) , (5.32)
where
b2 =
(u2 − u3)pu1 + (u3 − u1)pu2 + (u1 − u2)pu3
(u1 − u2)(u1 − u2)(u2 − u3) ,
b1 = − (u
2
2 − u23)pu1 − (u23 − u21)pu2 − (u21 − u22)pu3
(u1 − u2)(u1 − u2)(u2 − u3) ,
b0 =
u2u3(u2 − u3)pu1 + u1u3(u3 − u1)pu2 + u1u2(u1 − u2)pu3
(u1 − u2)(u1 − u2)(u2 − u3) ,
are first integrals of the dynamical system determined by Hamiltonian H(I1, I2, I3) and canonical
Poisson brackets.
After symmetry breaking transformation (2.10)
pu1 →
pu1
m
, pu2 →
pu2
n
, pu3 →
pu3
k
equation of motion (5.31) on X becomes
[m]P1(t) + [n]P2(t) + [k]P3(t) = P4 , m, n, k ∈ Z .
Affine coordinates of the constant part of intersection divisor are given by
x4 = −[m]x1 − [n]x2 − [k]x3 − a3 − 2b1b2
a4 − b22
, y4 = −P(x4) ,
where parabola Y : y = P(x) is now defined by using Lagrange interpolation by movable points [m]P1,
[n]P2 and [k]P3 on elliptic curve X , where
P1 = (u1, pu1/m) , P2 = (u2, pu2/n) , P3 = (u3, pu3/k) .
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Proposition 4 Functions I1, I2, I3 (5.30) and x4, y4 (5.32) in phase space T
∗
R
3 can be considered as
representation of the following algebra of the first integrals
{I1, I2} = 0 , {I1, I3} = 0 {I1, x3} = 0 , {I1, y3} = 0 ,
{I2, I3} = 0 , {I2, x3} = 0 , {I2, y3} = 0 ,
{I3, x4} = Φy(x4, y4) , {I3, y4} = −Φx(x4, y4) , {x4, y4} = 1
(5.33)
Here
Φy(x, y) =
∂Φ(x, y)
∂y
= 2y and Φx(x, y) =
∂Φ(x, y)
∂x
= −(4αx3 + 3βx2 + 2I1x+ I2)
are derivatives of function Φ(x, y) from the definition of elliptic curve X (5.29) and {., .} is the canon-
ical Poisson bracket.
This algebra is derived from the Poisson bracket between the corresponding action-angle variables. We
also have computer-assisted proof of this Proposition at m = n = k.
Algebra of the first integrals (5.33) slightly differs from the algebra (2.17) in the Kepler case.
Abel’s subalgebra of (5.33) consists of two elements I1 and I2, whereas Abel’s subalgebra of (2.17) has
only one central element I1.
Summing up, we can construct six families of superintegrable systems using elliptic curves of the
form X : Φ(x, y) = y2 − f (k)(x), where
f (1)(x) = αx4 + βx3 + I1x
2 + I2x+ I3 , f
(2)(x) = αx4 + I1x
3 + βx2 + I2x+ I3 ,
f (3)(x) = αx4 + I1x
3 + I2x
2 + βx+ I3 , f
(4)(x) = I1x
4 + αx3 + βx2 + I2x+ I3 ,
f (5)(x) = I1x
4 + αx3 + I2x
2 + βx+ I3 , f
(6)(x) = I1x
4 + I2x
3 + αx2 + βI2x+ I3 ,
and intersection divisor equation of motion
[m]P1(t) + [n]P2(t) + [k]P3(t) = P4 , m, n, k ∈ Z .
For all these superintegrable systems algebra of the first integrals has the standard form (5.33) which
directly follows from the Poisson brackets between action-angle variables. Following [29] we can say
that Hamiltonians I1, I2 and I3 describe motion of the body in T
∗
R
3 with a position dependent mass.
6 Conclusion
Equations of motion
z˙i = {H, zi} , zi ∈ T ∗Rn
for the Sta¨ckel systems on a symmetrized product X × · · · ×X of hyperelliptic curve X are equivalent
to equation of motion
divX · Y (t) = 0
describing evolution of the intersection divisor of X and axillary curve Y (t). For superintegrable
Sta¨ckel systems, intersection divisor can be divided on moving and fixed parts
divX · Y (t) = D(t) +D′ = 0,
according to Abel’s theorem. It is clear, that constants of divisor motion are the coordinates of fixed
part D′ of the intersection divisor, and integrals of motion in phase space are some functions on these
constants of divisor motion. So, algebra of the first integrals in phase space can be obtained from the
algebra of constants of divisor motion, which is easily obtained from the Poisson brackets between the
Sta¨ckel action-angle variables.
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In this note we calculate algebra of constants of divisor motion associated with the Kepler problem,
harmonic oscillator, Drach system, Sta¨ckel systems with two and three degrees of freedom and some
of their deformations associated with symmetry breaking transformations of the Sta¨ckel matrices. All
these systems are related to various elliptic curves, but we can rewrite the corresponding algebras of
non-polynomial integrals in a common form.
Scalar multiplication of points on elliptic curves
ϕ : X → X , ϕ(P ) = [m]P ,
generates non-canonical transformation on phase space
ψ : T ∗Rn → T ∗Rn , ψ(ui) = ui , ψ(pui) = mipui ,
which changes the form of Hamiltonian, but preserves its superintegrability property. Because multi-
plication of points on X is a special case of isogenies between elliptic curves, we suppose that isogeny
arithmetics also generates non-canonical transformations of phase space
ψ : T ∗Rn → T ∗Rn
preserving superintegrability. If this conjecture is true, than isogeny volcanoes [30] could generate
superintegrable system volcanoes. In a forthcoming publication, we will discuss this conjecture and
application of Ve´lu’s formulas [32, 44] to construction superintegrable systems associated with elliptic
curves.
For superintegrable Sta¨ckel systems on hyperelliptic curves of genus two we have affine coordinates
of divisors, Mumford’s coordinates of divisors, modified Jacobian coordinates, Chudnovski-Jacobian
coordinates, mixed coordinates, etc. First integrals associated with these coordinates could be alge-
braic, rational or polynomial functions in phase space satisfying various polynomial or non-polynomial
relations. It is interesting to study these relations associated with various constants of the divisor
motion.
Class of superintegrable or degenerate systems is closely related to the class of bi-Hamiltonian
systems with equations of motion
d
dt
zi = {I1, zi} = {I2, zi}′ ,
see [15] and references within. So, we have two algebras of divisor motion constants the with respect
to compatible Poisson brackets {., .} and {., .}′. We suppose that both algebras of the first integrals
are similar to ”Hamiltonian equation of motion” with respect to ”Hamiltonian” Φ(x, y) (2.18).
The work was supported by the Russian Science Foundation (project 18-11-00032).
References
[1] Abel N. H., Me´moire sure une proprie´te´ ge´ne´rale d’une classe tre`s e´ntendue de fonctions transcen-
dantes, Oeuvres comple´tes, Tome I, Grondahl Son, Christiania (1881), pages 145-211, available
fromhttp://archive.org/details/OEuvresCompletesDeNielsHenrikAbel1881 12/page/n167
[2] Bliss G.A., Algebraic functions and their divisors, Annals of Mathematics, Second Series, v. 26,
n. 1/2, pp. 95-124, (1924).
[3] Cordani B., The Kepler Problem, Progress in Mathematical Physics, v.29, Birkha¨user, Basel,
(2003).
[4] Darboux G. Sur le meˆme sujet, Note III, pp. 349-352 in Lagrange J.L., Me´canique analytique,
v.2, (1789), Œuvres comple`tes, tome 12,
available from http://gallica.bnf.fr/ark:/12148/bpt6k2299475/f357
[5] Daskaloyannis C., Quadratic Poisson algebras of two-dimensional classical superintegrable systems
and quadratic associative algebras of quantum superintegrable systems, J. Math. Phys., v. 42,
pp.1100-1119, (2001).
15
[6] Daskaloyannis C., Ypsilantis K., Unified treatment and classification of superintegrable systems
with integrals quadratic in momenta on a two dimensonal manifold, J. Math. Phys., v. 47, 042904,
(2006).
[7] Drach J., Sur l’inte´gration logique des e´quations de la dynamique a` deux variables: Forces con-
servatives. Inteˆgrales cubiques. Mouvements dans le plan. Comptes Rendus, v.200, p.22-26, 1935.
Drach J., Sur l’inte´gration logique et sur la transformation des e´quations de la dynamique a` deux
variables: Forces conservatives. Inte´grales cubiques, Comptes Rendus, v. 200, p.599-602, 1935.
[8] Euler L., Probleme un corps e´tant attire´ en raison re´ciproque quarre´e des distances vers deux
points fixes donne´s, trouver les cas ou´ la courbe de´crite par ce corps sera alge´brique, Me´moires de
l’academie des sciences de Berlin v.16, pp. 228-249, (1767).
available from http://eulerarchive.maa.org/docs/originals/E337.pdf
[9] Euler L., Institutionum calculi integralis, v.1, Acta Petropolitana, (1761),
available fromhttp://archive.org/details/institutionescal020326mbp
[10] Fri˜s T.I., Mandrosov V., Smorodinsky Y.A., Uhli˜r M., Winternitz P., On higher symmetries in
quantum mechanics, Phys. Lett., v.16(3), pp.354-356, (1965).
[11] Hensel K., Landsberg G., Theorie der algebraischen Funktionen einer Variabeln und ihre Anwen-
dung auf algebraische Kurven und Abelsche Integrale, Leipzig, Teubner, (1902),
available from http://archive.org/details/theoriederalgebr00hensuoft/page/n5
[12] Genest, V.X., Vinet, L., Zhedanov, A., Superintegrability in two dimensions and the Racah-Wilson
Algebra Lett Math Phys, v.104:8, pp.931-952, (2014).
[13] Granovskii Y., Zhedanov A., Lutsenko I., Quadratic algebras and dynamics in curved spaces I.
Oscillator, Theoretical and Mathematical Physics, v.91, pp.474-480, (1992).
[14] Granovskii Y., Zhedanov A., Lutsenko I., Quadratic algebras and dynamics in curved spaces II.
The Kepler problem, Theoretical and Mathematical Physics, v.91, pp.604-612, (1992).
[15] Grigoryev Yu. A., Tsiganov A.V., On bi-Hamiltonian formulation of the perturbed Kepler problem,
J. Phys. A: Math. Theor., v.48, 175206, (2015).
[16] Grigoriev Yu.A., Tsiganov A.V., On superintegrable systems separable in Cartesian coordinates,
Phys. Lett. A, v. 382(32), pp.2092-2096, (2018).
[17] Griffiths P., The Legacy of Abel in Algebraic Geometry, in The Legacy of Niels Henrik Abel, Ed.
Laudal and Piene, pp. 179-205, Springer, Berlin-Heidelberg, (2004).
[18] Greenhill A.G., The applications of elliptic functions, Macmillan and Co, London, (1892).
available from http://archive.org/details/applicationsell00greegoog/page/n7
[19] Guillemin V., Sternberg S., Variations on a Theme by Kepler, AMS Colloquium Publications,
v.42, (1990).
[20] Gyo¨rgi G., Kepler’s equation, Fock variables,Bacry’s generators and Dirac brackets, Nuov. Cim.,
v.53 A, pp.717-736, (1968).
[21] Jacobi C. G. J., Ueber die Reduction der Integration der partiellen Differentialgleichungen er-
ster Ordnung zwischen irgend einer Zahl Variablen auf die Integration eines einzigen Systemes
gewo¨hnlicher Differentialgleichungen, Crelle Journal fu¨r die reine und angewandte Mathematik,
v.17, pp.97-162, (1837).
[22] Jacobi C. G. J., U¨ber eine neue Methode zur Integration der hyperelliptischen Differentialgleichun-
gen und u¨ber die rationale Formihrer vollsta¨ndigen algebraischen Integralgleichungen, J. Reine
Angew. Math., v.32, pp.220-227, (1846).
16
[23] Kalnins E.G., Miller W., Post S., Contractions of 2D2nd order quantum superintegrable systems
and the Askey scheme for hypergeometric orthogonal polynomials, SIGMA, v. 9, 57, 28pp., (2013).
[24] Kalnins E.G., Miller W., Subag E., Boˆcher contractions of conformally superintegrable Laplace
equations, SIGMA, 12, 038, 31pp., (2016).
[25] Kustaanheimo P., Stiefel E., Perturbation theory of Kepler motion based on spinor regularization,
J. ReineAngew.Math., v.218, pp.609-636, (1965).
[26] Lagrange J.L., Me´canique analytique, v.2, (1789), Œuvres comple`tes, tome 12,
available fromhttp://gallica.bnf.fr/ark:/12148/bpt6k2299475/f9
[27] Lang S., Elliptic Curves: Diophantine Analysis, Springer-Verlag, A Series of Comprehensive Stud-
ies in Math, v. 231,(1978).
[28] Maciejewski A.J., Przybylska M., Tsiganov A.V., On algebraic construction of certain integrable
and super-integrable systems, Physica D, v. 240, p.1426-1448, (2011).
[29] Ran˜ada M.F., Superintegrable systems with a position dependent mass :Kepler-related and
Oscillator-related systems, Phys. Lett. A, v.380, p.2204-2210, (2016).
[30] Sutherland A.V., Isogeny volcanoes, Algorithmic Number Theory 10th International Symposium
(ANTS X), Open Book Series 1, MSP3, pp.507-530, (2013).
[31] Serret J.-A., Sur la solution particulie`re que peut admettre le proble`me du mouvement d’un
corps attire´ vers deux centres fixes par des forces re´ciproquement proportionnelles aux carre´s
des distances, Note II, pp.346-349 in Lagrange J.L., Me´canique analytique, v.2, (1789), Œuvres
comple`tes, tome 12.
available fromhttp://gallica.bnf.fr/ark:/12148/bpt6k2299475/f354
[32] Silverman J.H., The Arithmetic of Elliptic Curves, Springer-Verlag New York, 2009.
[33] Sta¨ckel P., U¨ber die Integration der Hamilton–Jacobischen Differential Gleichung Mittelst Sepa-
ration der Variabeln, Habilitationsschrift, Halle, 26pp., (1891).
[34] Tsiganov A. V., The Sta¨ckel systems and algebraic curves, J. Math. Phys., v.40, p.279-298, (1999).
[35] Tsiganov A.V., The Drach superintegrable systems, J. Phys. A: Math. Gen., v.33, n.41, pp.7407-
7422, (2000).
[36] Tsiganov A.V., On maximally superintegrable systems, Reg. Chaot. Dyn., v.13(3), pp.178-190,
(2008).
[37] Tsiganov A.V., Addition theorems and the Drach superintegrable systems, J. Phys. A: Math.
Theor., v. 41, 335204, (2008).
[38] Tsiganov A.V., Leonard Euler: addition theorems and superintegrable systems, Reg. Chaot. Dyn.,
v.14(3), pp.389-406, (2009).
[39] Tsiganov A.V., On the superintegrable Richelot systems, J. Phys. A: Math. Theor. v. 43, 055201,
(2010).
[40] Tsiganov A.V., Ba¨cklund transformations and divisor doubling, Journal of Geometry and Physics,
v.126, pp. 148-158, 2018.
[41] Tsiganov A.V., Transformation of the Sta¨ckel matrices preserving superintegrability, arXiv:
1809.05824, 2018.
[42] Tsiganov A.V., Elliptic curve arithmetic and superintegrable systems, accepted to Physics Scripta,
arXiv: 1810.11991, 2018.
17
[43] Tsiganov A.V., Discretization and superintegrability all rolled into one, arXiv:1902.03884, 2019.
[44] Ve´lu J., Isoge´nies entre courbes elliptiques, Comptes-Rendus de lAcade´mie des Sciences, Se´rie I,
v.273, pp.238-241, (1971).
18
